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Mathematics students encounter curve sketching as an application of 
differentiation in pre-calculus and beginning calculus classes. The typical student 
usually will memorize the first and second derivative tests without fully 
comprehending the wealth of information each derivative provides. The advent of 
graphing calculators and computer software now permits students to compare 
visually and to describe relationships between graphic representation of the actual 
function and its corresponding derivatives. After examining several cases, students 
can make their own conjectures and write a set of guidelines to assist them in 
constructing accurate sketches of functions using this information. 
Most graphics caltulators (and software) allow graphs of two or more 
functions to be placed on the same axis simultaneously, or added to the same 
display, one at a time. The application presented here uses graphing software for 
class discussion and students use the Casio fx7000g graphics calculators at their 
desks. (An assumption is being made that you are familiar with the software 
and/or calculator operation for graphing functions.) 
We first consider a simple function that students already are comfortable 
with, such as: f(x) = x2 - 1 
so f' (x) = 2x and f''(x) = 2 
Display the graphs off(x) and f'(x). 
Ask the students the following: 
On what interval(s) is f'(x) < O? 
On what interval(s) is f'(x) > O? 
Where does f'(x) = O? 
Compare the graphs of f(x) and f' (x). 
How can you describe the behavior of f(x) on the interval where f' (x) < O? 
Describe how the behavior off(x) changes for f' (x) > O?. 
What happens to f(x) at the point where f' (x) = O? 
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INTRODUCING ALGEBRAIC FACTORING 
USING A GRAPHIC APPROACH 
T. Michael Flick 
Xavier University 
Cincinnati, OH 45201 
Introduction 
One of the most common topics in beginning algebra is factoring. In fact, 
factoring is an elementary problem solving technique used in the solution of a 
variety of problems from elementary to complex. However, most common algebra 
textbooks treat factoring as a process without giving it a meaning. Factoring is 
frequently reduced to following a set of rules or procedures. 
Many authors begin factoring with a set of rules. One such set might be as 
follows: x2 - a2 = (x - a)(x + a) 
x2 - 2ax + a2 = (x - a)(x - a) = (x - a)2 
x2 + 2ax + a2 = (x + a)(x + a) = (x + a)2 
This type of presentation usually progresses to a set of exercises that have been 
rigged to fit the factoring rules. The typical presentation then progresses to a 
guessing technique for factoring more general polynomials of the form ax2 + bx + c. 
This common method involves looking at factors of "a" and "c" and trying to write 
appropriate factors. For example, in factoring x2 - x - 6 a student might guess 
(x + 6)(x - 1), (x - 6)(x + 1), (x + 2)(x - 3), or (x + 3)(x - 2) and check for 
accuracy using the FOIL distribution process. 
In other words, factoring is frequently reduced to a set of seemingly mindless 
rules that are soon forgotten by many students. Certainly we want students to be 
able to factor quickly and with little thought. However, the best learning occurs 
when the student can relate a process to an experience. In this case, relating 
factoring to a graphic interpretation. 
The Graphic Approach 
A better approach in introducing factoring involves graphing. In graphing, 
students can see a picture of their equation. The rudiments of graphing are 
introduced early in the algebra curriculum. Students should be able to plot points 
to see a picture of a function. Factoring can be taught with more meaning using 
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then shows the marvelous fact that the geometry has infinitely many lines (by his 
definition) through a point parallel to a given line. (Compare with Euclid's Fifth 
Postulate!) 
Care must be taken when making assertions about distance related 
phenomena in the taxi geometry. For example, Byrkit points out (p. 421) that the 
usual triangle inequality ("the sum of the lengths of any two sides of a triangle is 
greater than the length of the third") is false in taxi geometry. The statement is 
correct if "greater than or equal to" is substituted for "greater than". Ask your 
students to try this on the triangle whose vertices are at A = (0, 0), B = (5, 4) and 
C = (5, 0). 
Clearly there are many other exploration possibilities. Taxis are not only the 
right way to travel in a big city but also provide travel down an exciting road to 
geometry. 
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Answers to the circle puzzle on p. 21: 
0 3 2 0 3 0 
8 5 7 4 6 9 7 8 5 6 1 9 9 1 2 8 6 7 
2 1 4 3 5 4 
1 3 4 1 3 5 
4 0 6 7 5 8 8 0 2 5 3 9 4 0 8 9 1 2 
9 2 7 6 7 6 
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(Recall that the value of the first derivative at any point represents the slope of the 
tangent to f(x) at that point.) 
Add the graph of f''(x) = 2 to the same display. 
When is f''(x) < O? 
When is f''(x) > O? 
When is f''(x) = O? 
Comparing the graph of f''(x) and f(x) - What conjectures 
(if any) can you make at this time? 
Comparing the graph of f''(x) and f' (x) - Does the second derivative give any 
information about the first derivative? 
i< * * * * 
Keeping in mind what we have seen, what would change if we considered the graph 
of: f(x) = -x2 + 1 [f' (x) = -2x and f''(x) = -2] 
Graphing all three simultaneously produces these results: 
ll 
' Where is f'(x) < 0? 
Where is f' (x) > O? 
Where is f'(x) = O? 
Where is f''(x) < O? 
Where is f''(x) > O? 
Where is f''(x) = O? 
Again, what is the behavior of f(x) when the first derivative is negative? Positive? 
Zero? 
Does the fact that the second derivative is always negative tell us anything about 
the behavior of f(x)? off'(x)? 
Considering both examples, write three or four statements describing apparent 
relationships between functions and their first and second derivatives. 
At this time, the first derivative contributions of increasing, decreasing, and 
relative extrema may be apparent. Due to the simplicity of the chosen functions, 
concavity and the second derivative test for relative maximum and minimum will 
not be so apparent. Have the students record their conjectures and list their 
generalizations on the board. Test these conjectures and expand upon them by 
examining a more complicated polynomial function. 
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Consider f(x) = x3 - 3x2 - 9x + 8 
f'(x) = 3x2-6x-9 
f''(x) = 6x - 6 
Graphing f(x) and f' (x) simultaneously produces these results: 
Ask the students to describe the behavior of the function in terms of the 
behavior of the first derivative. A typical student response is that f' (x) is positive 
from negative infinity to -1 and from +3 to positive infinity, and these are the 
intervals where f(x) is increasing. The first derivative is negative in the interval 
(-1,3) and f(x) is decreasing on this interval. The first derivative is equal to O when 
x = -1 and x = 3, and the corresponding graph of f(x) turns at these values. 
It is apparent to the students that a relative maximum occurs when x = -1 
and a relative minimum occurs when x = 3. Point out that the value of f' (x) 
changes from positive to negative at the relative maximum, but the values change 
from negative to positive at the relative minimum. 
Before examining the graph of f''(x), explore the idea of concavity 
geometrically by looking at the graph of f(x) and determining in which intervals the 
curve would lie under its tangent lines (concave down) and where it would lie above 
its tangent lines (concave up). The display would look like this: 
~ 
-J 6 
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Another exercise which is intriguing to better students is the actual algebratization 
of the geometry. By "algebratization", I mean that we turn the subject into 
analytic geometry just as Descartes would have meant it. We write out the 
equations that govern the lines which describe the taxi circle. This gives extra 
practice in algebra and especially absolute values. It is also a way to provide proofs 
for various statements made in this article. The key is contained in Exercise 3. (I 
would not recommend assigning it except to outstanding students unless there were 
hints given). 
Exercise 3: Find the equation for a circle of radius 2 about the origin in the 
taxi geometry and sketch the resulting equation. 
Solution: The taxi distance from the origin (0, 0) to the arbitrary point P = 
(x, y) is 
dt (P, (0, 0)) = lx-01 + ly-01 = lxl + IYI· 
Thus, the equation of a taxi circle of radius 2 about the origin is 
(1) lxl + IYI = 2 
In order to graph equation (1), we split it into four cases. If x ~ 0 and y ~ 0 then 
equation (1) is x + y = 2. In this case, however, the condition that x ~ 0 and y ~ 0 
forces 2 ~ x and 2 ~ y. (If x were bigger than 2 then y would be negative.) If x ~ 0 
and y $ 0 then equation (1) becomes x -y = 2 and -2 $ y $ 0, all four cases are 
l!il 
x+y=2 
x-y=2 
-x + y = 2 
-x-y = 2 
0 $ X $ 2; 
0 $ X $ 2; 
-2 $ x $ 0; 
-2 $ x $ O; 
0$y$2 
-2 $ y $ 0 
0$y$2 
-2 $ y $ 0 
Equation (1) is equivalent to the four equations (2). Each of them is a line segment. 
By graphing (2), Figure 2 reappears. 
Taxicab and max geometries are not new. They appear in topology as a 
useful counterexample to theorems about metrics. Taxi geometry has been 
discussed in connection with mathematics education in Byrkit (1). His approach 
and content are completely different from ours. His emphasis is on the formulation 
of axioms to present a non-Euclidean, geometric system whereas ours is on distance. 
His version is discrete (using only those points in the plane with both coordinates 
integers) whereas ours uses all of the points of the plane. After establishing his 
axioms he then defines lines (which he calls trips) and discusses parallelism. He 
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radius 2 was sketched in Figure 3. The first step is to find the distance from (2, 2) 
to (2, -2): 
dm ((2, 2), (2, -2)) = maximum of O and 4 = 4. 
Since each of the segments has the same length, the entire circumference is 
4( 4) = 16. On the other hand the "diameter" is, as always, twice the "radius" 
which is 4. The value of~ for the max geometry is 16/4 = 4. Once again, other 
"circles" can be experimented with and the same results will hold. 
Further Directions and Related Work 
Many of the geometric constructions that we do in our standard geometry 
classes carry over directly to the new worlds of taxi and max geometry. These 
concepts can be assigned as an enrichment topic for the most inquisitive students. 
One of my favorites is to ask for the set of all points equidistant from two points. 
The students understand that the notion of distance is what is important by this 
time. In the taxi and max distances, we get back our old Euclidean friend, the 
perpendicular bisector. 
On the other hand, what is the set of all points at distance 2 from two fixed 
points? In Euclidean geometry, the answer depends on the location of the points. 
We would draw circles of radius 2 
about those points and then see 
where they intersect. This could 
be in zero, one or two points. 
See Figure 4. 
00 CD CD 
Figure 4: Points common to two 
Euclidean circles of radius 2 
When we try to follow the same procedure for the max distance, it is still possible to 
get zero or one point of intersection, as in Figure 5, 
(-4, 2) 
but there is also a strange possibility. 
(-~) 
(-2,0) (2,0) 
The circles of radius 2 about both 
(-2, 0) and (2, 0) are sketched in 
Figure 5. Note that they meet in 
infinitely many points! Ask your 
students to experiment with the taxi 
cab distance. Figure 5: Points common to 
two max circles of radius 2 
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(4, 2) 
(4,-2) 
By inspection, the function is concave down from negative infinity to +1, 
and concave up from +1 to positive infinity. Add the graph of f"(x) to the display 
and note the following. 
f''(x) < 0 when f(x) is concave down 
f''(x) > 0 when f(x) is concave up 
When f''(x) = O the function f(x) changes from concave down to concave up - this is 
known as a point of inflection. 
** Returning to graphs of the two functions graphed earlier; 
Note when f(x) = x2 - 1, f''(x) = 2, which is positive everywhere. This 
implies that the graph of f(x) should be concave up. 
Similarly, when f(x) = - x2 + 1, f''(x) = - 2, which is negative everywhere, 
implying that the graph of f(x) should be concave down. These results can be 
verified by inspection. 
Further investigation at the relative extrema of these three functions shows 
f''(x) < 0 when a relative maximum occurs and f''(x) > 0 when a relative minimum 
occurs. 
As a class assignment, have students write their own conjectures for first and 
second derivative tests. Then ask the following: 
If you were given only the graph of the second derivative, what would you 
know? Could you sketch a graph of the first derivative? Could you then 
sketch the original function? What are you unable to determine about the 
original function that is important in making an accurate sketch? Students 
quickly will see that there are many congruent possibilities for graphs of the 
first derivative which differ by only a constant and many possibilities for 
graphs of the original function. It is difficult to ascertain where f(x) = 0 
without more information. 
Allow students to test their conjectures with the following sample student 
exercises: 
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Sample Student Exercise-I 
On the coordinate planes below you 
are given the graph off' (x); use 
conjectures that you have made to 
sketch a possible graph off(x) 
and f''(x). Be prepared to justify 
your sketch! 
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Sample Student Exercises-2 
On the coordinate planes below, 
you are given the graph of f''(x). 
Sketch a possible graph off' (x) 
and f(x). Be prepared to 
justify your sketch! 
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our textbooks do not define it as such, really pi is the ratio of the circumference of a 
circle to its diameter or the ratio of the area of a circle to the square of its radius. 
There really is no reason to expect in advance that this ratio will not depend on the 
circle chosen. Why should it be that a circle of radius 1 has the same circumference 
to diameter ratio as a circle of radius 2? This miracle should be emphasized more in 
our middle and high schools. Students who have studied regular polygons might be 
aware of this fact if they think of a circle as a (very) regular polygon. For example, 
every regular hexagon has a perimeter equal to three times its diameter. 
The idea of pi as a ratio can be explored naturally in the setting of the new 
worlds which was described above. What is the ratio of the circumference of a taxi 
(or max) circle to its diameter? We shall compute that ratio in a number of cases 
for both the taxi and max geometry and see that it is independent of the "circle" 
chosen. (The answer is 4 in both cases). This does not mean the value of pi 
changes (it is still 3.1415 ... ) but rather that there is a different constant in these 
other geometries. We shall put pi in quotes ("pi") when referring to the other 
geometries. 
We will first do the computation for the taxi circle of radius 2 about the 
origin (Figure 2). To find the circumference we need to know the length of each of 
the four straight line segments of the circle. The length of the one in the first 
quadrant is the distance from (0, 2) to (2, 0). Now comes the key point: what 
distance do we use to find the length? Since we are in the taxi geometry, the 
distance that is used should not be the usual Euclidean distance but rather the taxi 
distance! Thus: 
Length of first segment is dt ( (0, 2), (2, 0)) = 2 + 2 = 4. 
It is now easy to see that all four segments have the same length which is 4 and so 
the circumference is 16. If the "diameter" is defined to be twice the "radius" then 
the diameter of the circle of radius 2 is 4. 
The ratio Qf the circumference to the diameter Qf this taxi circle i§. therefore 
16/4 = !. Have the students in your class try circles of other radii and you will see 
that this always happens; that is, ~ i§. 1 m the strange new world Qf taxi 
geometry. In fact it is not hard to prove this fact using a little high school algebra. 
We now repeat the computation of the ratio of the circumference of a "circle" 
in the max distance to its diameter. The max circle centered around the origin with 
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